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MANEUVERABILITY OF TORPEDOES IN THE

HORIZONTAL PLANE j

1. INTRODUCTION

The objective of this paper is to model mathematically, aspects
relating to the maneuverability of a modified torpedo. Of particular interest
are the analytical expressions for the trajectory of a dynamically stable
torpedo executing maneuvers in the horizontal plane. It will be assumed here,
that different trajectories result as a consequence of different rudder
positions. For example if the rudders are set in either the port or starboard
position the resulting trajectory is a circle, whereas if the rudders are set
in a neutral position the trajectory is a straight line.

The equations of the trajectory can be calculated in terms of the
hydrodynamic coeffiocients of the torpedo as will be shown in Section 3, using
the equations of motion derived in [1). In deriving the trajectory equations
we are not concerned with the operation of the steering mechanism and to this
end it is assumed that commands to turn the torpedo are carried out
instantaneously with no lag time.

Finally in section 4 the turning circle of a torpedo which is rolled
through an angle 0 degrees is calculated in terms of the hydrodynamic
coefficients of the torpedo.

2. EQUATIONS OF MOTION IN THE HORIZONTAL PLANE

The angular equations of motion for a torpedo moving along the
x-axis in the horizontal plane through an ideal quiescent fluid can be
expressed in a non-rolling coordinate frame in the { domain as (1]:

* * *
-CL v+ (CF -n 19 + CL § - A26¢ = -n, v, (2.1a)
v t §
and




* *
N 1] NL] = " .
CM v + cMg + AZGV + CM56 0 ¢ ’ (2.1b)

where ncmenclature is that of a previous paper [1] and defined in section 6.
In (2.1) the time coordinate t has been replaced by a non-dimensional arc
length coordinate { , with ( )' denoting differentiation with respect to ¢ .
The coordinate f{ is defined by:

-1
;.’ttc ’

where t := V"l is called the characteristic time, £ is the length of the
torpedo and V its velocity.

3. MANEUVERABILITY IN A NON-ROLLING COORDINATE FRAME

Aspects of maneuverability which are of interest here are (a) the
turning radius of a torpedo corresponding to the path aa' in figure 3.1 when
the rudders are locked in either the port or starboard position and (b) the
equation of the path a'a" corresponding to the case where the rudders are set
in a neutral position.

When the trajectory is an arc the radius of the turn maneuver R,
maybe found by solving (2.1) with 6 constant (i.e., 6=k). Similarly if the
trajectory a‘'a®" is to be found, then solutions to (2.1) are sought with § = O,

Yy

Figure 3.1. Torpedo trajectory in the horizontal plane.




Case (a) Calculation of R.

In order to calculate the equation of the trajectory aa' and the
radius of curvature R, the angles ¢ and y need to be derived as a function of
the independent variable (. ¢ can be found on decoupling (2.1a) and (2.1b)
and yields an ordinary differential equation with constant coefficients:

tye [ ] 1
a,9 (g) + a9 (g) + a,e () +ak =0, (3.1)
where
* * i2
ag=my 0 - A, j
L ] *® * ei L ] (3 2) {

J ay = - m,rcM + A26(cF -m ) - cL - CMA26 ’ .
‘ 4 t ]
N

02 = -(mL - CF )CM + CL,CM ’

: t y 4

Applying the Laplace transform method to (3.1) gives:

3 a, + 2( ' ) + s " o+ '+ ) k
- S Vg% +S a9y * A395) *slayfg * 0395 + Py - %
p(s) = 3 (3.3)

( 2 + + )
S (145 (135 Qz

where ¢(s) is the Laplace transform of the unknown function ¢(t). The initial
conditions ¢_(0), ¢'(0) and ¢"(0) completely determine the second term of
(3.1)., PFor a totpego moving from a straight and level trajectory to a
circular trajectory the initial conditions are y = ¢0 = ¢6 = 0 and from (2.1)

*C *

k(m,r M CL A26)
"0 8 8

¢°( ) = * ® ['Y) ¢
B - By

Performing a partial fraction expansion on (3.3) and then taking the inverse
Laplace transform yields:

T3 'I‘4(a+ +a_) T4;
o(g) = + +
a.a 2 aa
+ - (a,a_) + -
3 2 -a g
(T.a° - T,a+ T.a -T,) e +
+ 1+ g + 37+ 4 (3.4)
a+(a* -a))
3
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L3 , 2 , -a §
(-L1a_ + Pza_ - T3a_ + P4) e
+ ’
a (a+ -a))
where
T1:=wo,

-1
T2:=¢6+ u3¢ou4 '
(3.5)

-1
" iy M [ ]
T3.-¢0+(u3¢0+¢0a2)a4 '

-1
T4==-aoka4 ’

and a_ and a_ are the roots of the quadratic:

that is
1
y/2

2
-at = - a3 + (a3 - 4a2a4
2a

4

The angle § can be found by eliminating y¢' from (2.1a) and (2.1b) giving

v(g) = Ts{a4¢" - Tgo' - T,G}, (3.6)

where
T_:=(A C e
- - m ’

5 26 Ly L Md

* *
rsz-(nT ch - Azs(cFt - mL)) , (3.8)

T *
7.-(-A C., +m

*
C..)
26 LG T M6

Differentiating (3.4) and substituting ¢' and ¢" into (3.6) yields:

3 , 2 , \ -a
v(g) = {T1a+ - T,a, + P3a+ - r4)(a+a4 + T6) e +

a{a -a)
+ 0+ -
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P R S . . -a g
+ (-I“a_ + Iza_ - l3a_ + I‘4)(a_a4 + I‘6) e
a(a -a)
- 4 -
T a
6 o (3.7)
* (a+a_ - T7Jk}T5'

In figqure 3.1 the angle £{=y+¢ is simply the sum of (3.4) and
(3.7). The first two terms of (3.7) and the last two terms of (3.4) are
transients and die away exponentially as { increases, For large values of 7,
the dominant terms are:

T T, (a +a) T a T
3 4 "+ - 6 0

& + 2 * k(a a "T7)+ aa '

+ - (a+a_) + - + -

(3.9)

and is called the steady state solution. Under the coordinate transformation:

C' ol T3 . 1‘4(a+ -a_) . k(TSao ; )]a a
= - G [4
a+a_ (a+a_)2 a+a_ 7 r4

(3.9) may be written as:
T *
4C

aa
-

E= . (3.10)

It follows from the above equation that the trajectory of the torpedo is a
circle with radius

-1
R = a+a_'l‘4 R

which in terms of the hydrodynamic coefficients and the rudder angle k can be
expressed as:

*
(m = Cp )Cy - CyCy
R = t d w . (3.11)
(C,C, + ¢, C, )k
[} Yy 6

From (3.11) it follows that the radius R is inversely proportional to k if the
composite change in the hydrodynamic coefficients is small, compared to
changes in k.
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Case (b) Equation of the Trajectory a'a’’

The equation of the trajectory with neutral rudder response (ie.,
k=0) corresponding to the path a'a" in fiqgure 3.1 can be found if £ is
small. This is achieved as follows. If df is a differential element of arc
along the trajectory then,

D;x = cos{ and DCY = sing . (3.12)

Assuming £ to be small and integrating (3.12) gives

x <
fdqa=)davor x-a=g¢g, (3.13a)
a o
and
5
Yy =] E(p)|k=0do. (3.13b)
o

The asymptotic form of (3.13b) for large { is a straight line given by:

3% 1 .
y ~ - + . )2 {T3a+a_(1 + T Te) - Tyla +a))
+ - + -
2.2 TS
+ajal(T, T T + a,T,T. + T (a, +a_))} + aa. (3.14)

Thus it can be concluded if the rudder angle is set to the neutral position
(ie., k=0) the torpedoc comes out of the turn aa' and into a straight line
a‘a".

4. MANEUVERABILITY AND ROLL

Congider a dynamically stable torpedo moving rectilinearly along the
x-axis with velocity V. If the torpedo rolls through an angle of 6 degrees,
when turning commences, then the equations governing the motion are similar to
(2.1) but with the terms C, S and CM § replaced by:

Ls s
C. 6§ =C dr cosb - C e sind ,
Ls Lse® Lse
and
CH § = -CM Se 8ind + cM 8r cosfd ,
[ Se dr
6
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where oe and or are the elevatqr and rudder angles respectively. Applying the
procedure outlined in section 3, the decoupled equation for ¢ is similar to
{(3.1) but with the term aok réplaced by:

+ C o 8 - (C_ C + 3 int, .1
(CM CL‘ L,CM )or cos ( L CL. CM )de sin (4.1)
Sr y Or y Oe Se

.

Assuming (4.1) is independent of {, the asymptotic form of & is again found to
be:

l\ *
T,8

4

£ = ’

aa
+ -

where radius of the trajectory aa' is now:

*
< _C,+ (m, -C_ )C
L
M L F, Md

(CMCL + CL,CM )Sr cos¢-(CL CM + CMCL )ée sing
Sr vy Or v Se Se

-2)

which reduces to (3.11) if 6=0 and Sr=k. If the degree of roll does not
become large, we can put sin 0 = 8 and cos 6 = 1 in (4.2). Assuming the ratio

-

is constant for small 6, then (4.2) takes the. form:

Se e ég
(CM C + C CM ) Sr

61

where R_ is the radius of the turning circle in the absence of roll and is
given by (3.11) with k=dr.

S, DISCUSSION

The treatment of maneuverability discussed in this paper is
idealized since consideration is given only to the hydrodyndmic aspects of
turning. It has been assumed that when the rudder of the torpedo is locked in
a particular position, a hydrodynamic pressure is created which is sufficient
to enable a turn to commence immediately. The "lag" time is taken to be
zero. Under these assumptions the trajectory of a torpedo in the horizontal
plane with rudders fixed can be calculated and the results are presented in




section 3. In section 4 the radius of a turn has been derived with the
torpedo rolled through an angle of 8 degrees. Provided the hydrodynamic
coefficients of the torpedo are known, the radii (3.11) or (4.2) can be
explicitly found.

6. NOMENCLATURE

CL Lift coefficient (horizontal plane) ’
[
CF Transverse force coefficient R
t
b CL Rudder lift coefficient ,
$
CM Rudder moment coefficient ’
o}
CM Damping moment coefficient corrected for entrained water
d (horizontal plane) ’
CM Moment coefficient corrected for entrained water ’
*
A26 Component of the added mass tensor ‘
*
L Longitudinal mass due to entrained water ’
*
m Transverse mass due to entrained water R
*
Q Moment of inertia corrected for entrained water (horizontal
plane) ,
é Rudder angle,
R Radius of curvature of turn maneuver,
¢ Orientation angle in the horizontal plane (yaw angle),
¥ Angle of attack in yaw,
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